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Abstract 

We propose a geometrical interpretation for the discrete torsion appearing in the 
algebraic formulation of quotients of WZW models by discrete abelian subgroups. 
Part of the discrete torsion corresponds to the choice of action of the subgroup, 
yielding different quotient spaces. Another part corresponds to the set of different 
choices of connection for the H field in each of these spaces. The former is for 
instance used to describe generalized lens spaces L( UiP y 
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1 Introduction 



In perturbative string theory, space-time is built out of a conformal world-sheet theory. It has 
therefore been a constant theme to try to identify geometrically the features of the conformal 
field theory, as has been done most notably with boundary conditions on the worldsheet and 
D-branes. Another prominent example is that of orbifolding (see for example £Q, [2], 0). For 
instance, it has been shown in that upon orbifolding flat space by some abelian, finite group 
r one can include phases in the twisted sectors of the theory, which correspond geometrically 
to introducing a non-trivial two-form field B, called discrete torsion. In this note we extend 
this study to a class of orbifolds of curved (bosonic) backgrounds. 

We were motivated by the fact that the CFT describing string propagation in lens spaces 
L n = S77(2)/Z n , where the left SU(2) symmetry is preserved, is an element in a family of 
theories corresponding to a particular choice of a parameter also called (algebraic) discrete 
torsion pj, [Oj. The question arose as to whether a different choice of algebraic discrete torsion 
would also have a geometrical interpretation. It is our goal here to describe the geometry of 
this family of CFTs. 

To answer this question we will study more general orbifolds M = G/Y of compact, simple, 
simply connected groups G by abelian, finite subgroups V (whose action will be specified later). 
T lies in some maximal torus of G and is of the form V = Z ni x . . . x Z nr where r is the rank of 
G. Depending on the action of T, the quotient space may be smooth or have some singularities. 
If G/Y is smooth, it inherits the left translational invariant metric g and three- form H from 
the covering G. The quotienting can therefore be implemented on the WZW model describing 
G at some level k. Recall however that, for integrality of the Wess-Zumino term, the field H 
is quantized, H G H 3 (G,kZ), so that it describes a (l-)gerbe over G jjj- In order that the 
integrality of the Wess-Zumino term be preserved by the quotient, all rti must divide k. This 
is not a restriction, since in comparing CFT with geometry one takes the semi-classical limit 
of k large. On the other hand, the theory may depend on the choice of connection B for the 
Meld 0. 

We show that these same CFTs can be constructed using the simple current formalism 
This is a powerful tool which has been systematically studied for over a decade; we briefly 
review it in section and in particular we describe the algebraic discrete torsion. In section |3] 
we review the construction of gerbes with connections on quotient spaces and show how they 
allow for inequivalent choices of B fields. Using the Kiinneth formula we compare this freedom 
to the choice of CFT discrete torsion in the case of orbifolds of WZW models. We construct 
the partition functions for these quotient spaces and match them to the modular invariants 
derived in the section [21 we find that part of the discrete torsion corresponds to the choice of 
action of the subgroup, yielding different quotient spaces, and another part corresponds to the 
different choices of B field. 

For some values of the discrete torsion, the correspondence above associates CFTs to target 
spaces G/Y having fixed points. We expect that these singularities are regulated by string 
theory in some way, but we leave the determination of the resolved geometry for later work. 
We conclude with some remarks on T-duality and D-branes on these spaces. 

^dn fact, the case of non-abelian T can in principle be studied with tools introduced just recently in jU] which 
are beyond the scope of this paper. 
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2 The CFT description of discrete torsion 



We start by building a rational conformal field theory corresponding to the sigma-model on the 
quotient G/Y with Y acting on the right. We shall use the simple current formalism which 
we briefly review now. Given a rational CFT with chiral algebra g fc , simple currents are those 
primary fields which have the property that they have an inverse under the fusion product, 
denoted *. A ubiquitous example is the identity field itself. Furthermore, since the theory is 
rational, for any simple current J there is a positive integer nj, called the order of J, such that 
J nj = J * ... * J is the identity field. The set of such primaries forms an abelian finite group 
for the fusion product, which is called the center of the theory. We are interested in those 
simple currents which have trivial monodromy around all other fields, since these encode some 
"bosonic" symmetry of the theory. Such simple currents form the effective center Z, which 
is equivalently defined as the subgroup of the center consisting of those simple currents J for 
which njAj e Z (where Aj is the conformal weight of J). 

The partition function of a CFT is a bilinear in the characters of the irreducible highest 
weight representations 

Z= Z ^'XxXx> (2.1) 

A, A' irreps 

It is said to be of simple current type if Z\y is non-zero only for A' = J * A for some primary 
A and some J G Z. The consistent modular invariant partition functions of this type were 
classified in [5], and they constitute the vast majority of known rational CFTs. 

To build a modular invariant of simple current type one begins by choosing a simple current 
group Q C Z. Since Q is a finite abelian group, it is of the form Q = Z m x . . . x Z n? . Then, 
picking a set of generators J\ for Q defines a q x q symmetric matrix of relative monodromies 
Rij — Qji(Jj) — A(Jj) + A(Jj) — A(Jj * Jj). We define a q x q matrix X whose entries 
are defined modulo integers and such that its symmetric part is fixed by X + X 1 = R. Its 
antisymmetric part is constrained by Xij = Xij/riij, with Xij an integer and = gcd(rii,nj). 
The antisymmetric part of X is called (algebraic) discrete torsion, and it is parametrized by 
H 2 (Q, U(l)) Given a choice of discrete torsion, the modular invariant is given by 

^ = E E (nWi(A)+Vi)) XxXj^x (2-2) 

A js £ g \i=l J 

where we have written the general element of Q as J s = IljJ* 1 . Here 8z(a) = 1 if a & Z and 
otherwise. So we see that the discrete torsion affects only the off diagonal (sj ^ 0) terms in 
the modular invariant. The left and right kernels of X determine the extensions of the left and 
right chiral algebras respectively. Therefore, when they are different the modular invariant is 
left-right asymmetric. 

WZW models from Cosets: To describe the G/Y theory we start from the CFT gfc/w(l) r ® 
u(l) r , with g the Lie algebra of G, since the chiral u(l) symmetries are not broken by the 
quotient (recall that T is a subgroup of a maximal torus and that the level k must be a multiple 
of the Hi). To get acquainted with the procedure, we first recall how to recover the Gk WZW 
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(charge-conjugation) partition function as a modular invariant of the gfc/u(l) r ® u(l) r theory, 
following [TO] . 

Denote by P the weight lattice of the finite dimensional Lie algebra g and by Q its root 
lattice. From the decomposition of representations of g in terms of those of u(l) r , the characters 
of the irreducible highest weight representations of g& decompose as 



The generalized parafermion labels (A, /i) are subject to the selection rule A — \x G Q. Further- 
more, there are field identifications generated by outer automorphisms uo of g^ which descend 
to outer automorphisms of ^(l)^- 

The Gk WZW (charge-conjugation) partition function is a simple current modular invariant 
with simple current group Q = Q/kQ. For concreteness, in the following we shall mainly 
consider the case g^ = su(N + l)fc. In this case the rank r is equal to N and Q = 7i N . The 
parafermion primaries are vectors (j,m) which we write in a basis {Aj} for the weight lattice, 
e.g. j = J2iLi3i^i- The parafermions are subject to the selection rules m ; = ji mod 2 and to 
the field identifications given by (j,rh) ~ (u)j,rh + k\\) with 



In our notations both the parafermion labels m, and the u(l)2k labels, denoted mj, are defined 
modulo 2k. The simple current group in this case is Q = Z^, where the i th factor is generated 
by J{ acting as m; — > m>i + 2 together with m- — > m! i + 2. 

Now to define the modular invariant (J2.2j) with simple current group Q = Z^ we must 
specify the N x N matrix X. For N > 1 this allows for a choice of discrete torsion, i.e. the 
antisymmetric part of X whose entries are constrained to be of the form Xij/k, for some integers 
Xij. To recover the Gk theory, i.e. to get the combinations of the characters of the form ()2.3|) 
in the partition function (|2.2j) . we set the x^'s to zero. Other choices of x^'s will yield more 
complicated partition functions; in this case it is not clear how to take the semi-classical limit 
of large k, since different scalings of the with k yield different partition functions. Therefore, 
it is not evident to assign a geometrical interpretation to non-zero values of these parameters. 
In this note we will set the x^'s to zero. 

G/Y models from Cosets: The results in the previous paragraph suggest that the simple 
current group leading to the G/Y theory is Q = Z^ x Y. There may be several groups isomorphic 
to r = Z m x ... x Z njv in the effective center Z, but without loss of generality we may assume 
that the generators of Y act on directions of the maximal torus normal to each other (with 
respect to the Killing form). That means that the i th generator of Y, which we denote Wi, 
i = 1, . . . , N, acts on the momenta as m- — > m! i + 2k/rii. leaving all other quantum numbers 
invariant. Here rij denotes the order of the current Wi, which may be one. Let us now consider 
the possible discrete torsion. From j^j we know that the (algebraic) discrete torsion for a theory 
with simple current group Q is parametrized by 




(2.3) 




(2.4) 



v{G) = H 2 (g,u(i)) 



(2.5) 
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We will see in section El that for our case 2 



N 

JV(iV-l) 



H\Z N k xT,U(l))=Z k 2 ©0z£®0Z scd(niin .) (2.6) 

i=l i<j 

We can see this more directly by studying the antisymmetric part of the matrix X. For this, a 
word on notation is in order. The matrix X is written on a basis (Ji, Wj), where i,j — l,...,N. 
Since we want to keep the same index labelling i for both sets of currents J (the Z k generators) 
and W (the T generators) 3 , entries mixing Jj's will be denoted Xy, entries mixing J's and W's 
are denoted and entries mixing Ws are denoted Z t j. Going back to the discrete torsion 
group ()2.6|) . the first factor stands for the Xij mentioned in the previous paragraph. Then, to 
the entries we can add the numbers t/ij/rij, because all rij divide k. Since the entries of the 
matrix X are defined modulo integers, the y^ are parametrized by T. This accounts for the 
factors. Finally, to the entries Zij we may add z^/ gcd(rii,nj), which are parametrized by 

So in our case the formula ()2.2|) yields for general discrete torsion parameters (yij, z^j) (recall 
we are setting = 0) 

/ \ 



Vrh , rfi f ( s) 
w , w' (s) / 



(2.7) 



where we are writing the general simple current as J s = (IljJ^) (IIjW/*) together with s 
(si, . . . ,s N ,s 1 , . . . , s N ) and 



rrii — m' 



mi 



22 (yij + —Sj modk (2.8) 



(yu-l)Si Si + s j mod— (2.9) 



'i J 



and W{ = rrii + 2s«, w[ = + 2si + 2^-s,j. Here we have used the notation Xrh'{s) — ^-i^m^s) 
for the product of the u(l) characters and n^- = gcd(ni,rij). 

We will see in section ET2*1 that quotient G/Y with Y acting on the right is described by 
the choice Xu = —1, which preserves the left-moving symmetry. It is interesting to study 
how properties of this family of theories depend on the discrete torsion. This program has been 
developed for general simple current modular invariants for what concerns boundary conditions, 
see for instance ^3] . In the next section we will focus on the geometrical interpretation of the 
discrete torsion. 



3 The geometrical description of discrete torsion 

Let us consider for the moment a general background manifold M with metric g and three-form 
H G H 3 (M,Z). To build a sigma- model with target space M, one specifies a gauge field (or 

2 Here we use interchangeably the notations x and © for direct products of finite groups. 

3 This is because the indices i are associated to the U(l)^ subgroups of the chosen maximal torus. 
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connection) B such that dB = H. This connection B is a collection of open sets Oi covering 
M, of 2-forms B l on Oi which locally trivialize H and such that — B^> = dA^ are exact 
on Oij = Oi H Oj - this defines a Deligne cohomology class of degree three 4 . Two connections 
are equivalent if and only if they differ by a connection of a line bundle, the choice of which is 
parametrized by the first cohomology group if 1 (M, U(l)) jjj. Furthermore, since in our case 
the three-form fT-field is quantized, the second cohomology group H 2 (M, U(l)) acts freely and 
transitively on the set of equivalence classes of connections. The role of H 2 (M, U(l)) for general 
backgrounds M has been studied by Sharpe ( jHj and references therein), in connection to the 
usual discrete torsion introduced by Vafa In general, H 2 (M, U(l)) is non-zero for M a 
quotient of a simply connected manifold by some discrete group, which need not act freely. 

We now specialize to the case where M is a quotient of a simple, simply-connected compact 
Lie group G by some action, indexed by p, of an abelian discrete subgroup T. We denote the 
quotient by M = G/T p . Our results will apply to quotients of all compact Lie groups, since they 
all have a simply connected Lie group as covering space. As mentioned in the introduction, 
G/r p inherits the translational invariant metric and H field from G, so that it is a target 
space for some CFT as long as the quotienting respects the quantization condition on H. For 
concreteness, and following Section 12 most of the calculations will be for G = SU(N), but the 
generalization to G a general simple, simply connected, compact Lie group is straightforward. 

Before entering into more detail, it is useful to compare the group H 2 (G/T p , U (1)) parametriz- 
ing the usual discrete torsion (a la Vafa) with the algebraic discrete torsion group T>(Z^ x T) 
(|2.5|) . First we notice that for G simply connected, using the fact that 112(G) = 0, we have that 

H 2 (G/T P ,U(1)) = H 2 (T,U(1)) 

even if the action of T is not free (in which case the lhs stands for the T-equivariant cohomology 
jH]). This allows us to work exclusively in terms of group cohomology. Furthermore, from the 
short exact sequence 

-> Z -> E -> U(l) -> 
and using the fact that H*(T, R) = 0, we get that 

H l (T,U(l)) = H l+1 (T,Z) (3.1) 

for any positive integer I, and in particular we have 

V(Q) = H 2 (Z k x r, U(l)) = H 3 (Z k x r, Z) 

To determine H*(F, Z) we use the Kiinneth formula ( [TT]) which implies that if X, Y are two 
finite abelian groups then 

H*(X x Y) = (H*(X) ® z H*(Y)) x Tor (H*(X), H* +1 (Y)) (3.2) 

We use here the standard mathematical notation that the sum of the degrees on the rhs is equal 
to the degree on the lhs. Tor is a finite abelian group, which verifies Tor(Z, •) = Tor(-,Z) = 
and also 

Tor (Z n ,, Z m ) = Z gcd(ntm) , Tor (X, Y x Z) = Tor (X, Y) x Tor (X, Z) 
There are further conditions on the one-forms A&\ for more details see and references therein. 
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These properties will allow us to determine if*(r,Z). Using (|3.2jl recursively for T = Z ni x 
. . . x Z njv we get for the usual discrete torsion 

H 2 (T, 17(1)) # 3 (r, Z) = ©^A^K,^) (3.3) 

iV(iV-l) 

Similarly, we compute the algebraic discrete torsion group to be (omitting the factor Z fc 2 ) 

^(^)=0Zn l ©0^ K ,n J ) (3.4) 

i i<j 

This comparison suggests that the usual discrete torsion, that is the choice of connection B, 
is accounted for in the second factor of the CFT discrete torsion group T>(Q) (|2.5|) 5 . Since 
this action exhausts the transformations compatible with the given background, we should 
expect that the CFT parameters encoded in the first factor T N will correspond to a change of 
background. In order to study these parameters, we now consider the simplest example of the 
generalized lens spaces L( n>p ). 

3.1 The example of lens spaces 

A generalized lens space 6 L( n , P ) is a quotient of SU (2) by the equivalence relation [TT] 

E+l E^l So C\ 

g ~ uj 2 g io 2 (3. 5} 

where w6Z„C SU (2) is an element of order n. Notice p is defined modulo n, since uj n ' 2 is a 
central element of order two. Usual lens spaces correspond to the choices p = ±1. In terms of 
Euler coordinates g(x,9,4>) = e I t <T3 e l i CTl e 1 ^ ' 3 this action amounts to 

p + 1 p — 1 . 

+ , 0^0-2^ 3.6 

n n 

If n,p are not relatively prime, the action has a fixed circle \ + = const. 

The sigma-model describing the usual lens spaces L( n ,i) first appeared in [12] as the bosoniza- 
tion of a two-dimensional supersymmetric CFT which appears in the near horizon limit of 
an extremal four dimensional black hole. There the lens space was considered topologically 
as the Hopf fibration of C/(1)/Z n over the sphere S 2 . The Lr np ) spaces with n,p relatively 
prime are topologically very similar. In particular, their fundamental group is 7r 1 (L ra ) ~ Z n 
with the fiber being the non-trivial S 1 ; the maps in the different connected components of 
7To(Map(S' 1 , L n )) ~ Z n differ by the winding number around the non-trivial S 1 . Finally, their 
second cohomology group if 2 (L( n p ), U (1)) is trivial, so that there is only one class of connections 
B for an integral i?-field. 

To study string theory on £( n ,p), we note that the action ()3.6|) breaks the su{2) k x su{2) k 
symmetry down toa«(l) 2 fcXa(l) 2 fc symmetry, which means that the appropriate chiral algebra 

5 That different choices of discrete torsion can be related to inequivalent choices of a connection on a bundle 
gcrbe was also brought to my attention in discussions with Ch. Schweigert. 
6 I thank G. Moore for bringing these spaces to my attention. 
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is su(2)] c /u(V)2k x M (l)2fc, with k a multiple of n. Using the decomposition of (chiral) vertex 
operators 



2fc-l 



V su(2) k = l/^W 1 

v / * jr'm * m 



m = 
m=j(2) 



and accounting for the action ()3.6j) on the left and right moving u(l) fields, we can write a 
general vertex operator of the generalized lens space CFT as 7 



V[j,m,w,sx] = V jm V r 



jm y m -( P -i)^s 1 



Sl 



(3.7) 



where s~i is a winding number. Here the fact that p is defined modulo n can be related to the 
the field identification in the parafermion sector Vj m ~ Vk-j, m +k- Notice that the left and right 
movers in f)3.7j) are related by simple currents of the su(2)k/u(l)2k x u (l)2fc theory which form 
a group Q = Z k x Z n . 

To get the spectrum, we first impose level matching on the vertex operators ()3.7)1 (allowing 
for arbitrary lowering operators, which do not affect the level matching condition) and then 
impose modular invariance. In fact, due to the classification of simple current modular in- 
variants [S] we know there is only one partition function with sectors of the form (J3.7|) . This 
is 



/ 



Z (£(„, P )) 



EE 

j=0 si, si 



E 



yPF k yU(l) k PF k y 



U(l) k 
2si- 



ym+m'-lp-lKl^ + s^) mod 2n 



/ 



(3.8) 



which matches the partition functions (|2.7|l for p = y n ; in particular, this parameter p is 
parametrized by the discrete torsion group Z n = T>iTLk X Z n ). The matching of the partition 
functions written explicitely in terms of characters means that the CFTs are identical, so we 
have found that the different choices of the discrete torsion correspond geometrically to the 
different target spaces obtained by taking the quotients (|3.5|) . In particular, for p = —1 we 
recover the usual lens space SU(2)/Z n [T2] 



Z(L n )=J2* 



SU(2) k 
j 



j=0 



\ 



E 



X PF k yU(l) k 



. m-m'—O mod 2-^ 
\ m+m'— mod 2n 



(3.9) 



3.2 The general case 

We now consider the general case of a compact, simply connected Lie group G and V = 
Z ni x ... x Z njv an abelian subgroup of G, where some of the Z ni may be trivial. From our 
experience with the generalized lens spaces, we know that the discrete torsion parameters yi 3 - of 
(|2.8jl are related to the choice of equivalence relation, call it p(yij), which defines the target space 
of the theory, denoted G/T p . Upon inspection of the selection rules for the left movers ()2.8j) 

To simplify the notation we omit the superscripts. The vertex operators are recognizable by their labels. 
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and for the right movers (just below that equation), the general form of the vertex operators 
is determined to be 

Vj,m(s)Vm'(^Vj,w(s)Vw'(s) (3.10) 



with 



Til, 



- m- = 2J (Uij + — Sj modk (3.11) 



w, 



v-^ k 

11)1=}^ (Vij - 5 itj ) —sj modk (3.12) 



We find that the equivalence relation p(yij) which determines the target space of this theory is 

g-rfghf, i = l,...,N (3.13) 

where 

T yu + 1 ,.../ 2 D «Mzl _„../9 

hf = ^ 2 U j¥ ^ /2 , hf = u . 2 n^/ !j/2 (3.14) 

and are elements of order rii along N directions of the maximal torus so that they commute 
among themselves. Notice that for non-zero values of this is an action of a subgroup of 
T, but not of the whole Y. This relation generalizes (J3.5)) and accounts for the geometrical 
interpretation of the parameters jjij. Again, if and rij are not relatively prime there will be 
fixed point circles. 

Now given the set of allowed vertex operators, there will in general be a finite number of 
possible partition functions, corresponding to different choices of connections B for the three- 
form if-field. Recall that because the if -field is quantized, these are parametrized by the second 
cohomology H 2 (G/T p , U(l)). Furthermore, since H 3 (G/T p , Z) is without torsion, the action of 
H 2 (G/T p , U (1)) on a connection B can be formally written in a way which resembles a globally 
defined gauge transformation [7j 

B^B + F (3.15) 

where F is a closed two- form on G/T p . The transformation ()3.15|) does not change the connec- 
tion equivalence class if and only if F G H 2 (G/T p , Z) so we recover the action of H 2 (G/T P , U(l)) 
on the set of equivalence classes of connections. These considerations are only formal because 
H 2 (G/T p , U(l)) and H 2 (G/T p , Z) in general have torsion, and only their non-torsion elements 
can be related to the de Rham cohomology. In any case, if the target manifold has non-trivial 
second cohomology group, we may expect that the sigma-model path integral depend on the 
second homology of the embedding of the worldsheet t(E) in G/Y p . Indeed, as described in jS] 
the group H 2 {G/Y P , £7(1)) acts by multiplying the path integrand by a phase 

jS ^ e if c F ijd XWXi e iS (316) 

where C is the 2-cycle in G/T p wrapped by Let us see how this may affect the spectrum. 

Denote by C/(1)W the subgroup of the maximal torus containing the factor Z ni of Y. Mul- 
tiplying by the phase ()3.16|) will shift the left and right u(l) currents along both the % and 
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the j directions, by j % — > f + F a idX a and f — > f — F a idX a respectively (summation over a 
intended). This means the corresponding left and right moving fields will shift as 

m- -> m- + F ai —s a 

Hi 

k 

w'i -> w'i - F ai —s a (3.17) 

where s a is the winding number. Recall that the phase ()3.16|) is a nf^ root of unity, where 
n ij — 9 c d(jii,rij), so Fij = Zij/riij with an integer. Thus the action of H 2 (T,U(1)) = 
Q) {< j TLgcdin^nj) ° n the spectrum indeed corresponds to the discrete torsion shift in (|2.9|) 
(this is essentially as described by Vafa [3]). The simple current "coordinates" Sj are then 
interpreted as winding numbers. 

So we have shown that where both sides are defined, discrete torsion on the CFT side and 
on the geometric side are equivalent. It would be interesting to find out whether this holds true 
even when one side is not yet well known. For instance, it is not always clear what a different 
choice of simple current group Q corresponds to geometrically, but it should allow for the discrete 
torsion which is present in the CFT side. On the other hand, we may consider backgrounds 
whose topology is known but where the corresponding CFT is not well known, such as more 
general quotients by abelian groups, obtained by generalizing ()3.13j) to an equivalence relation 
with two parameters, a p\ c & and a p r i g ht- Other more general situations would be for instance 
quotients by non-abelian groups or quotients of more complicated groups such as products of 
groups or non-compact groups. We expect to find in the corresponding CFT a free parameter 
which corresponds to the geometric freedom of choice of connection. 

3.3 Remarks 

The T-dual version of these models can be easily studied in the CFT approach. For the choice 
of discrete torsion which preserves the chiral symmetry, i.e. for pi — ±1, T-dualizing along a 
U(l) direction where a 7L ni acts results in a theory where Z n . is replaced by Zw^. This was 
used extensively in [12], [H] to study B-type branes in lens spaces. 

However, for any different choice of discrete torsion, T-duality will yield a quotient of G 
which, though preserving the left and right u(l) symmetries, is not of the form (|3.13|) . Indeed, in 
general, T changes not only by replacing Z ni by Z fc / n . but also by changing the generator of the 
diagonal Finding the geometrical interpretation of such simple current modular invariants 
would give more information on the exact T-duality transformations of a curved background. 

We should note that the group if 1 (M, U(l)) which parametrizes the gauge choices for the 
connection B (cf. section EJ) does affect the open string theory, since its action amounts to 
introducing Wilson lines in the background. To see this, let us first consider the symmetric 
boundary states in simple current CFTs ^3] . All choices of discrete torsion appear on the same 
footing, so we can describe easily the boundary blocks, the boundary states and their annuli 
amplitudes in all the models considered above. In fact, only fractional boundary blocks, which 
appear whenever some is even, depend on the discrete torsion. Let D be the worldvolume of 
some fractional brane. Then if 1 (M, U(l)) acts (projectively, via H 1 (D, U(l))) by transforming 
the fractional branes with worldvolume D into each other. 
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